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ABSTRACT
 
In this paper we consider the problem of
 
characterizing strong two-generators in certain
 
commutative domains. We will work through the Kerstin
 
Pettersson paper, "Strong n-Generators In Some
 
One-Dimensional Domains," (1994). Specifically, we
 
will work in K[x2,x 3] where K is any field. We will
 
conclude this paper by verifying the result in Scott
 
Chapman's paper,"Characterizing Strong Two-generators
 
2 3
in K[x ,x ]," (1990). In that paper. Chapman
 
characterized the set of strong two-generators in
 
K[x2,x 3] as all polynomials which are not contained
 
in the square of the conductor, i.e., not divisible
 
4
by X over K[x].
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CHAPTER ONE
 
INTRODUCTION
 
Let R be a commutative ring with Identic if
 
I is an ideal of R and I can be generated by two
 
elements, then we say that I is two-generated. When
 
all the ideals of R are two-generated then R is said
 
to have the two-generator property. I is said to be
 
strongly two-generated if any nonzero element of I can
 
be chosen as one of the two generators of I. An element
 
r of R is a strong two-generator if r can be chosen
 
as one of the generators of each ideal in which it is
 
contained.
 
The following work is an adaptation of papers by
 
Chapman [C] and Fettersson [P]. In [C] Chapman
 
characterizes the set of strong two-generators in
 
K[x^,x^], for K an arbitrary field. His result was:
 
for f a non-zero element of K[x ,x ], if x divides
 
f but x"* does not, then f is a strong two-generator
 
in K[x^,x^].
 
In [P] Pettersson generalizes Chapman's results
 
to strong two-generators in K[x ,x ], where n is any
 
odd integer greater than two. She proved that if
 
p is a nonzero element of R[x^,x^] and m = (x^,x'^),
 
where n is an odd integer greater than two, then p is
 
a strong two-generator if and only if p is not an
 
element of m .
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 The objective of this paper is to reprove Chapman's
 
result [C], We will do this by using Pettersson's work
 
as a guide. For the most part, Pettersson gives the
 
statement of the propositions and theorems she uses,
 
but leaves the details of the proofs to the reader.
 
In this paper we provide the details of Pettersson's
 
proofs, for the case n = 3.
 
We assume that all rings are commutative with
 
identity. Since we are concerned with characterizing
 
two-generators, all rings will be finitely generated.
 
We begin Chapter Two with the definition of a
 
Noetherian ring. We then prove some well-known facts
 
about Noetherian rings. In Proposition 2.7 we
 
decompose ideals into their irreducible components.
 
We look at operations on ideals in Lemma 2.9 (quotients)
 
and Proposition 2.29 (radicals). We conclude Chapter
 
Two with a structure theorem on Artinian rings
 
(a special type of Noetherian ring.) In Chapter Three
 
we will characterize the strong two-generators in
 
2 3
 
Let S be the set of all nonzero divisors of an
 
integral domain R. Then K = S R is the quotient field
 
of R. A fractional ideal of R is a nonzero R-submodule
 
I of K whose product with some nonzero element of
 
  
R is contained in R. A fractional ideal I of R is called
 
invertible if there exists a fractional ideal J of R
 
such that the product of I and J is R.
 
Fettersson proved in [P]/ Proposition 3, that an
 
ideal in a one-dimensional Noetherian domain is
 
invertible if and only if it is strongly two-generated.
 
We give a proof of this in Proposition 3.13. In Theorem
 
3.31 we prove Chapman's result: a nonzero element of
 
2
 
R is a strong two-generator in R if and only if x
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divides it but x does not. To conclude Chapter Three
 
we give two examples. The first is a polynomial in
 
2 3
 
K[x ,x ] which is a strong two-generator. The second
 
2 3
 
example is a polynomial in K[x ,x ] which is not a strong
 
two-generator.
 
An appendix follows Chapter Three. It is there
 
that you can find brief statements of the specific
 
theorems and propositions noted in this paper. These
 
are provided to aid the readers of this paper; to help
 
make the references clear.
 
A great deal of gratitude is offered to my mentor.
 
Dr. James Okon, for without his guidance and expertise,
 
this project would not have been possible.
 
CHAPTER TWO
 
NOETHERIAN AND ARTINIAN RINGS
 
We begin this chapter with basic definitions as
 
we prepare for ohr work with Noettetian rings,
 
(2.1) Recall that we assume that all rings are
 
commutative with identity.
 
(2.2) Definition. An ideal I of a ring R is said to
 
be finitely generated if there exist elements
 
a.,a_#...,a of f such that every element of I can be
 
written in the form r^a^ + ... + r^^a^, where r^fr^,...,r^
 
are in R. In this case, the a^ are said to be a finite
 
set of generators of I and we write I = (a^>...,a^).
 
(2.3) Definition. A ring R is said to satisfy the
 
ascending chain condition (or to be Noetherian) if for
 
every chain of ideals of R, •••' there is
 
an integer n such that for all i 2. n«
 
(2.4) Definition. Let S be a set of ideals. An ideal
 
I, contained in S, is said to be a maximal element of
 
S if for every J in S, I£ J implies that I=J.
 
Next we show that in a Noetherian ring these three
 
properties are equivalent: that any ideal in the ring
 
is finitely generated, that every nonempty set of ideals
 
contains a maximal element, and that every ascending
 
chain of ideals is eventually stationary.
 
(2.5) Proposition. For a Noetherian ring R, the
 
following statements are equivalent;
 
  
•• 
(1) Every ideal in R is finitely generated.
 
(2) Given a chain of ideals I^S l2£ •••r there
 
exists an n such that I = =1^.-, = ...
 
n n+i n+z
 
(3) Every nonempty set of ideals has a maximal
 
element.
 
Proof.
 
(1) implies (2)
 
Let I.£lo S.• • be a chain of ideals in R and let
 
I z z
 
I = Ul.. First we show that I is an ideal. By
 
1
 
definition, I is the union of nonempty sets, thus I
 
is nonempty. If a and b are elements of I, then there
 
exist indices j and k such that a is an element of 1^
 
and b is an element of Ij^. ..Without loss of generality
 
we can assume that I.S I,. Then both a and b are
 
J K
 
elements of Ij^. Further, since Ij^ is an ideal, a+b
 
is an element of I,. Thus a+b is an element of I.
 
k
 
If a belongs to I and r is an element of R, then there
 
exists I^ such that a is an element of I^. Since I^
 
is an ideal, ar is an element of Hence I is
 
an ideal of R.
 
Since every ideal in R is finitely generated and since
 
I is an ideal of R, then there exist a.|,...,aj^ such
 
that I = (a.^,...,aj^). For 1 i _< k, let n^ be such
 
that a^ is an element of Ij^,• Let n = max nj^- Then
 
 a. is an element of 1 for all i = 1,,,.>k and
 
ICI c I S.. Si. Thus I = I for all m > h. Thus
 
■ ■ n :.:,n+'1 ■ ■ ■./■ nv: ■ 
•we.' have c I2S. •. .:^ 
(2) implies (3) 
Let A be a set of ideals in R. Suppose that A has no 
maximal element. Let be an element of A . Since 
is not maximal, there exists an element I2 in A such 
that I|C I2. since I2 is not maximal, there exists 
an element of A such that C I2 £> • It follows 
that because there is not a maximal element in A, we 
have I^ C I2CI^ C...:. But by (2) we know that there 
exists an n such that I^ = I^^^ = ..., a contradiction. 
Thus A must have a maximal element. 
( 3) implies (1 ) ' 
Let I be an ideal of R and let S be the set of ideals 
j in R such that JSI and J is finitely generated. 
S is nonempty, since Off S, and S contains a maximal 
element, say M. Then M = (m^,m2,...,m^) such that 
m^^C I for i = 1,...,n. If M f I, let D = (a,m-| vm^, .m^) 
where a € I-M. Then d£I and D€S. Thus MOD, a
 
contradiction of the maximality of M, Q.E.D.
 
We investigate the decomposition of ideals into
 
their irreducible components. Next we give the
 
definition of an irreducible ideal and then in
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Proposition 2.1, we show that every ideal is a finite
 
intersootion of irreducible ideals.
 
(2*6) Definition. An ideal I in a ring R is said to
 
be irreducible if I ArtB where ICA and ICB, for
 
any proper ideals A,B in R. (Equivalently I = Art B
 
implies that either I = A or I = B.)
 
(2.7) Proposition. In a Noetheirian ring R every
 
ideal is a finite intersection of irreducible ideals.
 
Proof. Suppose that I is an ideal of R for which the
 
Proposition is false. Let S denote the set of all such
 
ideals. Then S is non-empty since I is an element of
 
S. By Proposition 2.5 there is a maximal element J
 
in S. Since J is not irreducible, there exist ideals
 
A,B in R such that J = AOB where JCA and JCB. Since
 
J is maximal in S, neither A nor B are elements of S.
 
Hence each of A,B is a finite intersection of irreducible
 
ideals and therefore so is J, a contradiction, Q.E.D.
 
Next we fix our notation for ideal quotients and
 
then show one of their basic properties.
 
(2.8) Definition. Let A and B be two ideals in a ring
 
R. Their ideal quotient (A:B) is defined to be the
 
set: ^,x € R xBSA',jl.,.
| 
(2.9) Lemma. Let A, B, and C, be ideals in a ring
 
R. If AgB, then (C:B)S(C:A).
 
Proof. Suppose that x is an element of (C:B). Then
 
xBSC. Since A£B, xA£ xB. Thus xA£C and x is an
 
element of (C:A), Q.E.D.
 
In the next lemma we show that if A and B are ideals
 
in a ring R, then their ideal quotient is also an ideal.
 
(2.10) Lemma. Let A and B be two ideals in a ring
 
R. Then (A:B) is an ideal of R.
 
Proof. Since OB = 0€ A, 0€(A:B). Therefore (A:B)
 
is non-empty. Suppose a^,a2 are elements of (A:B) and
 
let b< B. Then a^b is an element of A and a2b is an
 
element of A. So (a^ + a2)b = a^b + a2b is an element
 
in A. Also, for each element r of R, we have
 
(ra^)b = r(a^b) is an element of A since a^b is in A
 
and A is an ideal. Thus ra^ is an element of {A:B)
 
and (A:B) is an ideal, Q.E.D.
 
(2.11) Remark. We see from Lemmas (2.9) and (2.10)
 
that if A is an ideal of a ring R and b is an element
 
of R, then (b'^)- (b^~^)S...£(b) implies that
 
(A:(b)) £ (A:(b^))S ... . If R is Noetherian, there
 
exists an n>0 such that (A:(b^)) = (A:(b'^^^)) = ...
 
(2.12) Definition. An ideal A of a Noetherian ring
 
R is said to be primary if for all a and b in R, if
 
ab is in A then either a is in A or b"^ is in A for some
 
n. An ideal M in a ring R is said to be a maximal ideal
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if M ^ R and for every ideal N of R, M&NCR implies
 
that either N = M or W =y R.
 
Primary ideals can be likened to powers of prime
 
numbers in that the primary ideals in the ring of
 
integers are precisely (G) and (p^) where p is a prime
 
ihteger, (0) is a primary ideal since the product of
 
two integers is 0 if and only if one of the numbers
 
is itself 0. To see that (p"^) is a primary ideal one
 
needs only to notice that if xy is an element of (p'^)
 
then either x is an element Of (p") or else p divides
 
y, in which case p'^ divides y^/ so y'^C Cp").
 
(2.13) Proposition^ In a Noetherian ring R every
 
irreducible ideal is primary.
 
Proof. Assume that A is an irreducible ideal in R and
 
that A is not primary. Then there exist a>b<8 R such
 
that abC A/ a^A, and b'^^A for all n. Choose n as
 
in (2.11) Remark. We now claim that
 
A = (A:(b*^))n (A + (b'^)). To see this, let x be an
 
element of (A:(b'^))O(A + (b'^)). Then x = a^ + b^r
 
for a^ in A and r in R. Also, b"x = b'^(a^ + b^r) =
 
b'^a^ + b^'^r €A since x (g(A:(b-)). It follows easily
 
that b^^r = b^x - b'^a^. Since A is an ideal of R and
 
b'^x CA, b^x - b'^a^6A which implies that b r €a. Thus
 
r €(A:1b^"^)) = (A:(b'^)); and b^r « A. So x = a,; t b'^r
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is an~ element of A. Thus (A:(b'^))^(A + (b'^))^ A.
 
For the other containment, if x€A then xb^€ A, so x
 
is an element of (A:(b'^)). Thus A£.(A:(b^)).
 
Furthermore x = x+0 and 0€(b"), so x€(A + (b^))
 
showing that A C (a + (b^)). Therefore
 
AS(A:(b'^)) O (A + (b'^)), proving the claim.
 
We show now that A 4 (A + (b'^)) and A ^ (A;(b")).
 
0€A which implies that b'^ = 0 + b'^CCA + (b'^)). But
 
b^^A so A ^ (A + (b")).
 
By assumption ab € A so aC(A;(b'^)). But a^A so
 
A 4 (A;(b'^)). Thus AC(A:(b")) and AC(A + (b'^)), a
 
contradiction to the assumption that A is irreducible.
 
Therefore every irreducible ideal is primary, Q.E.D.
 
(2.14) Proposition. Every ideal of a Noetherian ring
 
is the intersection of primary ideals.
 
Proof. From Proposition (2.7), for all ideals I in
 
R, I = A^ rV ... O Aj^ for i = 1,...,k and each A- is
 
an irreducible ideal in R. By Proposition (2.13), each
 
A^ is primary so I is the intersection of primary ideals,
 
Q.E.D.
 
(2.15) Definition. Let R be a commutative ring with
 
identity. An element a of R is called a unit of the
 
ring R if a*b = 1 for some bfi R. The element b is
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 uniquely determine^ by af and is written a 
{2.16) Lemma, b a Noetherian ring* Then 
a is not a unit if and only if a<lF some maximal 
ideal'M-Of ■ '^■''"^. ^■■' ■"^' ^ 
ProOf. Suppose a is not a unit in R. Let S be the 
set of proper ideals I in R such that a 4? I. Notei 
S f (|i since (a) €S. By Proposition 2.5, there exists 
a maximal element, say P, in S. If Q is a proper ideal 
Of R and PC Q CR, then a € Q, Hence QiS- S, a contradiction 
to the assumption that P is a maximal element in S. 
Thus P is a maximal ideal of R. 
Next we show that every element in a. maximal ideal 
is hot a unit. SuppOSe that M is a maximal ideal of 
R, in €M, and m is a unit. There exists m~^ in R such 
that 1 = m*m € M. That implies that 1 € M, contradicting 
the supposition that M is a maximal ideal, Q.E.D. 
(2.17) Definition. Let I be an ideal of the ring R. 
The radical of I, denoted rad I, is the set of elements 
r in R such that r"^€I for some n>0. 
(2.18) Definition. An ideal P in a ring R is prime 
if p ^ R and if xy € P then either a 6 P or y ^ P. 
(2.19) Lemma. Let A and B be ideals in a ring R. 
If 'A £B then rad A.^rad B. ■■■ ■ 
13 
  
 
 
Proof. Assume ASB. If r€rad A then there exists
 
rt > 0 Such that r^'^ ASB. Thus r^ racl B, Q.E.D.
 
(2.20) Lenuna, If are ideals in a ring R
 
then rad (pM.) - fS(rad I• ).
 
Proof. If r firad (nI.) then there exists m > 0 such
 
■ ■■ ■ . . ■ ': ■■ ■■ ■ 
that r € Hi.. That implies for i = 1,.•.rh,
 
r € I., r € rad I., and re D(rad I.).
 
'a - ■ ■ ■ ' ■ r /./ r- ^ 
To see the other inclusion suppose that r g O(rad I.).
 
Then there exist m, ...,m > 0 such that r «• g I.
 
I A li -L .
 
for each i. If m = m.m„...m„, then r fr O I.. Thus
2, ^ - ■ , 
r€ rad (f^I.), Q.E.D. 
■ ''-V ■ ■ 
(2.21) Lemma. Let I^, I2, .••f ideals in a ring 
R and let P be a prime ideal containing HI.. Then
 
P5I^ for some i.
 
Proof. Suppose P^Ij^ for all i. Then there exist
 
x^€ l£ such that x^^ P, 1 < i < n. Then
 
x.x-...X 6 n I. but x.x„. .x^P. Thus P^ O 1^ r Q.E.D.
 
(2.22) Remark. It can be shown that the radical of
 
an ideal I is the intersection of all prime ideals which
 
contain I [A-M, Proposition 1.14, page 9].
 
(2.23) Definition. A nonzero element a in a ring R
 
is said to a zero divisor if there exists b€ R such
 
that h 4 0 and ab = ba = 0.
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 1 
(2.24) 	Definitidn, A coimutative ring R with identity
 
4 0 and no zero divisors is called ah integral domain.
 
(2.25) Remark. Every integral domain has at least
 
'two' elements O'^andv/'l."; ^
 
(2.26) Remark. Every field K is an integral domain
 
since ab = 0 and a ^ 0 imply that b = lb = (a~ a)b ­
a~^(ab) = a~^(0) = 0.
 
(2.27) Example. (0) in any integral domain is a prime
 
ideal since for ab = 0 either a=0orb=0.
 
(2.28) Example. If p is a prime integer, then the
 
ideal (p) in Z is prime. To see this assume that ab €
 
(p). Then p ab so either p a or p b which implies that
 
a€(p) or b€(p).
 
(2.29) Proposition. If I is a primary ideal in a
 
commutative ring R, then rad I is a prime ideal.
 
Proof. Assume that ab^rad I and that a ^rad I. Then
 
a'^^I for all n>0. Since (ab).'^€l for some n>0,
 
a"b"^ I. By assumption and I is primary^ so
 
there is an integer m>0 such that (b^)"* € I. Then
 
bnm ,g I so b rad I. Therefore rad I is prime, Q.E.D.
 
(2.30) Definition. If I is a primary ideal in a
 
commutative ring R, then J = rad I is called the
 
associated prime ideal of I.
 
(2.31) Definition. Let R be a Noetherian ring and
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I be an ideal in R, An ideal I has a primary
 
decomposition if I = h A ..^ H and each is
 
a primary ideal of R. If I = D is a primary
 
decomposition of I then the set of associated prime
 
ideals of I, denoted Ass(R/I), is precisely ^
 
,,., where each = rad Q .^ It can be shown that
 
the are independent of the particular decomposition
 
of I [1 ]. ^
 
(2.32) Example. (cf. [H, page 380]) If p is a prime '
 
in Z, then (p) is the associated prime ideal of (p ),
 
(P^)/ .... It follows easily from Definition 2.30,
 
that since (p"^) is a primary ideal, rad (p'^) = (p) is
 
the associated prime ideal of (p'^).
 
(2.33) Definition. A chain of prime ideals
 
PqO ^^2 ^  ...D in a ring R is said to have length
 
n. The dimension of R is said to be the maximum length
 
of all chains of prime ideals in R: it is an integer
 
> P> or positive infinity (assuming R ^ 0).
 
(2.34) Definition. A ring R is said to satisfy the
 
descending chain condition (or to be Artinian) if for
 
every chain of ideals 1^2 ^2— *** ^ there is an
 
integer n such that I. = I for all i > n.
 
(2.35) Remark. It can be shown that a 0-dimensional
 
Noetherian ring is an Artinian ring, and vice-versa
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The proof relies on the fact that every prime
 
ideal in an Artinian ring is maximal and that the
 
interseptioh Of these maximal ideals is 0,
 
(2.36) Example. A field R is Artinian since t^^^^ only
 
ideals are 0 arid R. It fpilows from the next propositipn
 
that the ring of integers mod n, n ^  0, is Ai"tinian
 
(in part ii we show that the dimensidn of R/(a> 0).
 
We will use T to denote the image in r/I of the ideal
 
I in R which contains a.
 
(2.37) Proposition. Let R be a one-dimensional
 
Noetherian integral domain and let a be a nonzero element
 
of R. ■' Then: . 
(i) Each prime ideal in R/(a) is of the form 
M, where M is a maximal ideal of 
R containing a. 
(ii) R/(a) is Artinian. 
Proof. 
(i) Let (a) = 0 Q2 H • • • A be a primary 
decomposition of (a). Then rad 5 (a) D (0). We 
have that (0) is prime by Example 2.27. From Proposition 
2.29/ rad are prime since are primary. There 
are exactly two prime ideals in any length one chain 
of prime ideals, so every non-zero prime ideal in a 
one-dimensional domain is maximal. Thus, rad are 
17 
maximai ideals in R. Let = rad for 1 < i < n.
 
Let f be the ring homomorphism f: R—^R/(a) defined
 
by f(y) = y + (a), -'y 'v- ^
 
We show now that if Q is a prime ideal in R/(a) then
 
f~^(Q) is a prime ideal in R containing a. Suppose
 
that xy €f (Q). Then f(x)f(yj€ Q which implies that
 
either f(x)<£ Q or f(y)€ Q. Thus x6 f~^(Q) or ye f (Q)
 
so f {Q) is a prime ideal in R containing a. Let
 
P = f (Q). Then (a)S P, so P20Q.. From Lemma 2.19
 
it follows that rad P2tad (HQ- )•
 
We show now that if P is prime then rad P -P. Choose
 
X €rad P. Then x^cP for some n > 0 which implies that
 
X(£P. To see the other containment, suppose x <e P.
 
Clearly x'^ € P so x6rad P,
 
So P2rad (0Q.) = 0rad Q. = Am.. Thus P20 M. 
 
From Lemma 2.21 we have that P2M^ for some i. Since
 
rad is maximal, P = rad Q^, Also/ f (Q) = P =
 
so Q = f(M^) = . Thus each prime ideal in R/(a) is
 
of the form for some maximal ideal M in R containing
 
(ii) Since R is a Noetherian ring, R/(a) is a Noetherian
 
ring [3], Thus, it is enough to show that
 
dim(R/(a)) = 0. We do this by showing that every prime
 
ideal in R/(a) is maximal.
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 Let f and Q be the same as in part (i) above. Suppose
 
that Q is not a maximal ideal. Then there exists a
 
maximal ideal NCR/(a) such that Q^N. Let yg N-Q and
 
let u6f~^(y). By part (i)r f"^(Q) is a prime ideal
 
of R. Since R is a one-dimensional ring, f (Q) is
 
a maximal ideal of R, so (1) = (u, f^Q)). There exists
 
r €R and t4f~^(Q) such that T = ru + t. Then 1 = f(1)
 
= f(ru + t) = f(ru) + f(t) = f(r)f(u) + f(t).
 
Since f(r)€ R/(a) and f(u)^N, then f(r)f(u)eN. Also,
 
f{t)^ QCN so T^n, a contradiction to the maximality
 
of N. Thus every prime ideal in R/(a) is a maximal
 
ideal. Hence R/(a) is a 0-dimensional Noetherian
 
integral domain, Q.E.D.
 
Next we give the statement of the Chinese Remainder
 
Theorem. A proof can be found in [H, page 131].
 
(2.38) The Chinese Remainder Theorem. Let
 
Aw...,A be ideals in a ring R such that A. + A. =
 
I n 1 3
 
R for all i ^ j. If b^,...,b^ are elements of R then
 
there exists b€ r such that b is congruent to b^
 
(mod A^) for i= 1,...,n.
 
(2.39) Definition. [c.f. A-M, page 7] Let R^,...,R^
 
r\
 
be rinqs. Their direct product R = IT R. is the set
 
of all sequences x = (x^,...,x^) with R^^, 1<i<n,
 
and componentwise addition and multiplication. Note:
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R is a commutative ring with identity element (1,...,1).
 
We call the mappings p^^: R—?R^ defined by p^(x) =
 
the canonical projections of the product onto its i
 
component.
 
{2.40) Definition. Let R be a ring. Let S be a subset
 
of R such that 0^S> 1 6S an^ if x,y 6^ S then xy6 S.
 
Define an equivalence relatioh oh the set RxS by
 
(r,s)'v(r V,s') 4:^ s^(rs'- 's) - 0 for some s|£ S.
 
One can easily verify that is reflexive, symmetric,
 
and transitive. The equivalence class (r,s)€ RxS will
 
be denoted r/s. The set of all equivalence classes
 
will be denoted by S~^R. We put a ring structure on
 
S~^R by defining addition and multiplication in the
 
same way as for fractions:
 
(r/s) + ir * /s^') = (rs' -If r's)7ss',
 
(r/s)(r'/s') = rr'/ss'.
 
We note that if R is an integral domain, then S~^R is
 
an integral domain [4].
 
(2.41) Definition. If R is a ring, P a prime ideal
 
of R, and S = R-P, then S~^R is called the localization
 
of R at P and is denoted Rp. If I is an ideal in R,
 
then the ideal S~ I = ^a/s such that aei; s6Sj; in
 
Rp is denoted Ip. 11 can. be proved that S~^I is an
 
ideal of S~^R
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We note that Rp = J^r/s such that r g R and s R-P^ .
 
We how prove a structure theorem for Artinian rings. 
vC2,42) Theorem. Let Rbe an Artinian ring. Then ■ 
(i) R has only a finite number of maximal ideals. '
 
(ii) 	If ,... are the maximal ideals of R then
 
there is an isomorphism of rings R "IT
 
Proof. (i) Let (0) = Q|^ 02 • • *0Qn ^ primary
 
decomposition of (0) in R. We will show that all the
 
maximal ideals in R are of the form rad for some
 
i. Let = rad for i = 1,...^n and let M be a
 
maximal ideal of R. Then 06 M since M. is an ideal.
 
So M 2(0) = AO- and we have that
 
M = rad M 2 O rad Q. = A M.  Thus M2O M.  Since every
 
maximal ideal in R is prime/ we have that M2M^ for
 
some i. Each is maximal so M = for some i.
 
(ii) 	Define a mapping R-4 j? r/Q. by f(r) =
 
, *=i ■ ■ A . . : V 
(r + Q.J ,..,r + Q^). We verify that <j^ is a homomorphism.
 
Let r^,r2« R. Then <f>(r.j + r2) = (^f+^2 '***'^1"^^2
 
+ Qj^) 	~ (^*1 t f. + Q^) + ^ ^2 ' ^n^
.*fr 	 ^2'* ** ^2 

- <3^(r^) + d(r2)• Also, ^ (r^r2) = (r^2 + Q>|,• • • '^4^2
 
+ ) = (r^ + Q.J >...f r.j + )(^2^ '***fr2 + Qj^) ~ :
 
(/)( rv^ )<^Cr2). To see that is onto we use Chinese
 
Remainder Theorem. We must show that = R.
 
Since 	Qv and Qj are primary ideals of R, rad and
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Qj:' are prime ideals in R* Recall that R is ah ^
 
Artinian ring so rad and rad are maximal ideals
 
of R. Thus R .= rad ^+ rad Qj. Since , C ,
 
rad Q.,rad Q S rad (Q.+Q.) by Leiruma 2,1^* So R =
 
^ 3 . ^ 3
 
rad Q. + rad Q.S rad (Q.+Q;.)S R, thus rad (Qv+Q>) =
 
R^ Therefore, i s rad (Q^+Qj), l^ Qj;_+Qj/ and Qj^+Qj =
 
R, By the Chinese Remainder' Theorem, if R then
 
there exists b ^^ R such that b= b^ mod for i = 1,...,n,
 
'and-'^.^s onto-. '-'
 
Now r^ ker ^ if and only if r =0 in r/ for all i,
 
if and only if r is an element of Q. for all i, if and
 
n
 
if r e O Q. = (0), so 6 is one-to-one.
 
■ ir, 1 
Now we show that R/Q^ ^  T3 for all i. Without loss
 
of generality let i = 1. Define a ring homomorphism
 
f: R by f(x) = x/1. It is easily seen that
 
+ f(y) = f(x + y) and f(xy) = f(x)f(y), so ^  is a
 
homomorphism. Suppose x6 ker f. Then f(x) = x/1 =
 
0/s for some s e R-M^ which implies that s^(xs - 0*1)
 
= s^(xs) = (sys)x = 0. Both s^ and s are elements
 
of R-M^ so s^s € R-M^. Since = rad Q|, (s^s)"^^
 
for all m. Further, xe since is a primary ideal.
 
So ker f€ . For the opposite inclusion, let x be
 
a nonzero element of . Since x 0, there exists
 
a k such that x is an element of Qlfjq ..f) q but
 
. ^ jC
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X 6 Q. ,; ..., Q . Further, (Q.;x) = R for i = 1,...,k

K,+ I • ' , • n. , 1 _
 
and rad (Q.:x) = M. for i = k+1,.*. [6]. Thus
 
: 'f|' ' fl . ' '• .1* v'_'^
 
(0:x) = ((^Q.):x) = A(Q/:x) = nCO.:x Suppose
 
(0:x)SM|. Then = rad M>j£ rad (0:x) =
 
rad (f\(Q.:x)) = virad (Q.:x) = O M.  Thus
 
-itr ■ . ' v-vv 
rV *•• ^ , a contradiction. So (0:x)S and 
there exists s €R-M^ such that sx = 0. Since S €R-M 
and 06 M, s ^ 0. By definition x f 0 and R has no zero 
divisors, so x/1 = O/s. Thus x6 ker f and ker f = Q. 
R J
 
Next we show that f is onto. Let x/s6 , s € .
 
' ' y\
 
Note: s « UM. implies s is a unit (Lemma 2.16). So
 
'*:• 1
 
_i . A ■ ■ ■ _i ■ ■ ■ ■
 
there exists s € R -VJ M. such that ss = 1. Thus
■V ^- 1 ■ ■ 
■ _1 _i ■ _if(xs ) - (xs )/1 = (xs s)/Is = x/s. Suppose s 6M2-M^ 
Since 1 € R, s = sif sR ^  , so sR + ^ . Suppose 
S i=1,...,n. Since R is an Artinian ring, for 
all i, rad , implying , a contradiction. 
Thus sR + for any ir and sR + = R so 1 € 
sR + . Then 1 = rs + b for r € R and . Thus 
X = xrs + xb and f(x) = f(xrs + xb) = f(xrs) + f(xb), 
Since xb € ker f, f(xb) = 0. Thus x/1 = xrs/1, x/s = 
xr/1 = f(xr), and f is onto. We show that f is one­
to-one. Let r^,r2 € R. Then f(r^) = f(r2) if and 
if r^/I - x^/A if and only if r^ = t2- Thus f is an 
isomorphism and TT R/Q^ = "TTRm* so R = U Rf^ , Q.E.D.
■ )st i*i ' ■ ■ ■ ■■ , ■ ■ • i«i ■ 
23 
CHAPTER THREE
 
CHARACTERIZING STRONG TWO-GENERATORS
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In this chaptei: we will prove some of the theorems
 
of sections two and three of Kerstin Pettersson's paper,
 
"Strong n-Generators In Some One-Dimensional Domains."
 
Specifically, we prove those theorems which are needed
 
to characterize strong two^generators in K[x ,x ] where
 
K is an arbitrary field. In some cases, we needed to
 
prove some basic results not explicitly proven in [P].
 
(3.1) Definitidn. Let X be a subset of a ring R.
 
Let ^ i6I, I an index set] be the family of all
 
ideals in R Which contain X. Then H is called the
 
ideal generated by X, denoted (X). The elements of
 
X are called generators of the ideal (X).
 
A ring element which can be chosen as one of the
 
generators of each ideal in which it is contained is
 
called a. strong generator.
 
(3.2) Definition. If I is an ideal of a commutative
 
ring R and I can be generated by two elements of R,
 
then I is two-generated. A ring R has the two-generator
 
property if each ideal of R is two-generated.
 
(3.3) Definition. A nonzero element of a commutative ;
 
ring R is a strong two-generator if it can be chosen
 
as one of two generators of each ideal in which it is
 
;contained.
 
We show now that an element is a strong
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two—generator in a direct product of rings if and only
 
if it is a stirong two-generator in each factor.
 
(3.4) Proposition. Let Rf R2f •• • r rings
 
r- - , ' ■■ n ■ ■■ ■ ; V' '■ : ■■ ■ ^ ■ ■ ■ ■ ■■ ■ • ■ ■ ■ ■ 
such that R = TTr. and R has the two-generator property,
■■■v. , ^ 
Let (/: R— R. denote the isomorphism and denote 
• 1=1^: ■ „; - : :> :the projection maps: ^.: irR- "^R^* 1'hen
 
. -J ■ iZt ^ : V ; J, ■
 
f 6 R is a strong two-generator in R if and pnly if (f) 
is a strong two-generatoj^ in Rj^ for all i = 1/.../,n* 
Proof. Note that since R^#R., we'll consider R: 
M
 
and "Fr. equal for simplicity of notation. Assume that
 
f is a strong two-generator in R. Let be an 
in R. such that <i> • (f) €I.. Then f €^ (I.). Since3 3 ■ 3 . ■ J'- . 
f is a strong two-gerierator in R/ then f can be chosen 
as one of the two generators of all ideals in R which 
contain f. We show that (I/) is an ideal• Let 
' V Then ( f,, ) > ^^ (f 2) ^ . Since ^ 
Ij is an ideal in R^, ( f ^  ( f 2) ^  T j • Further, 
is a ring homomorphism, so (f^)-^ ( f 2^ = (f-| 
which puts f .j -f 2 in cf^ |(T j ) . Let r € R. Then fj(^) ^ 
Rj. Since I^ is an ideal in R^ , (r ( f .j ) € ^j * 
Further, ^ . is a ring homomorphisni, so (r )(^j ( f.j ) = 
^j(rf.| ) putting rf.j in (ij )> 
So there exists g € R such that ^ (Tj ) = ( fr9)• 
Appiying^j to both sides, / 
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 fj(ffg) = (<^j(f) (g)) so (f>^(f) is a strong
 
two-generator. For the converse, let I be an indeal
 
of R, let f = {f),.., ) ) € I, and let
 
= Ij. Assume that is a strong two-generator in
 
Rj for all j. Since (^j(f)€Ij there exists g^ € Ij such
 
that Ij = (<^j(f)fgj). Let g6R such that g =
 
(g^,...,g^). We claim that I = (f,g). Assume that
 
X = (x^,...,x^)€ I. Since ^j(f) and g^ are generators
 
of for 1 <jin, Xj = + b^g^ for a^,bj^ R^.
 
Suppose a = (a^,...,a^) and b = (b^,...,b^). Then x
 
= (a^<^^(f) + b^g^, ..., + b^^n) =
 
(a^(^^(f),...,aj^4^(f)) + (b^g^, •••'b^g^) = (a^,...,a^)
 
(f),...,<fj^(f)) + {b^,...,b^)(g^,...,g^) = af + bg.
 
Thus I= (f,g), Q.E.D,
 
(3.5) Definition. Let R be a commutative ring. An
 
R-module is an additive abelian group A together with
 
a function f: RxA—^ A such that, if we write ra for
 
f(r,a), the following axioms are satisfied for a,bC
 
A and r,s€R: (i) r(a + b) = ra + rb,
 
(ii) (r + s)a = ra + sa,
 
(iii) r(sa) = (rs)a,
 
(iv) la = a whenever R has identity.
 
A submodule A' of A is an additive subgroup of A which
 
is closed under multiplication by elements of R.
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(3.6) Definitioii. Let S be the set of all hbnizer^
 
elements in an integral domain R, Then K >:
 
the quotient field of R, An R-^eubmodule I of K is a
 
fractional ideal of R if xl5R for some x 4= 0 in R.
 
Thus the ideals pf R are fractional ideals (take x =
 
1), and in that case we call I an ordinary ideal of
 
R. ■ ■ y . y A '■ 
(3.7) pefinition. Let R be an integral domain with 
quotient field K, Let I be a fractional ideal of K, 
The fractional ideal I ^ (the inverse of I) is the set 
of all X in K such that xl£ R, I is called invertible 
if = R, / If I is an ordinary ideal of R then 
R ^I If I is a fractional ideal then I C R, 
We show now that localization at maximal ideals 
preserves invertibility of ideals, 
(3.8) Lemma, Let R be an integral domain and let 1/ 
M be ideals in R such that M is maximal in R, If I 
is invertible then Ij^ = ^i/s ji€I , s € R-M^ is 
invertible for all M, 
: ■ ' -.1 , • . . ­
Proof• Since II = R/ there exist a. tf lv b. €I 
1 1 , :;V:
/I «.Tsuch that 1 = Xa^b^ 6 II Also I£ Ij^ since for 
all a in I, a/1 € 
To see that;I 2 Ijyj r let x be an element of I . 
Then XI 5R, Let «(/t € Ij^/ I, t € R-M, Then x( oC /t) 
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 =; /t € Kj^ since Rjyj and
 
== « ^m'■ • ; ^ Q.E.b. ; 
(3.9) Definitipn, Let Ibe an ideal of a ring R, 
I is called a principal ideal if I = (a) = 
■ ■ '.!^xa |:'x-€;R for some a€ I. 
(3.10) Theorem, Let R be an integral domain and let 
Ibe a fractional ideal of R, If I is invertible then 
I is a finitely generated R-module, 
Proof, If I is invertible then II ^ = R, Thus there 
exist a. € Iand b . € I such that 1 = ,£. a.b., We will 
show that the a^'s generate I, If x €I then x = 1x 
= X 2 a.b. = ^(xb. )a., All of the elements xb. lie 
in R since x €I and b^€I/ , Thus I = ,...,a^) 
proving the claim, Q,E,D; ; 
(3.11) Proposition, Let R be a Noetherian integral 
domain and let I be a fractional ideal of R, Then I 
is invertible if and only if Ij^ is a principal ideal 
for each maximal ideal M of R, 
Proof, Assume that I is invertible. Then Ij^ is 
invertible (Lemma 3,8), Since I is invertible, I is 
finitely generated (Theorem 3,10), There exist 
n 
a. € I., and b. € I,. ^ such that ^a.b. = 1, Since 1^■ . 1 ■■ .. I- .M |a| 1 1 ■ 
MRj^, one of the a^b^, say a^b^ , is not an element of 
MRjyj, We will show that Ijyj = (a-| ) • 
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Since a^ € HRjyj and MRj^ is the only' maxim ide^l
 
of Rj^, a;jb^ is a unit in Rj^ by Lemma 2
 
»( € ij^. Then vi = ( e<:a|b^)/( b.j)= (a^ 6^
 
= (a^^1)/(|a^b^)b^). Now 1;/((a^b^ )b:,) C
 
and oc6ij^ so «<6 a^Rj^. Thus ^€ (a:,), So Ij^jS(a^)
 
and the opposite inclusion hoida since a>|€ Ijyj* Thus
 
Ijyi = (a^).
 
i that is a principal ideal for each
 
maximal ideal N of R. Suppose that II~^S MCR for some
 
maximal ideal M of R, Since I is finitely generated,
 
I = (a|>...,a^) with ai€ I. Theb = (a) for some
 
a €I. If a. €(a) then a. = (ir./s.)a for some r.€ R
 
and s.6 R-M. So (s./a)a. = r.€ R. Let s = s.s_...s .
 
1 1 ■ 1 1 I z n 
Then (s/a)ISR. Thus s/a € I~\ and s = (s/a)a € II~^c
 
M, Then sCm, a contradiction^ Q.E.D.
 
(3.12) Definition. Let R be a ring with identity and
 
let I be a proper ideal of R which can be generated
 
by two elements. I is said to be strongly two-generated
 
if any nonzero element of I can be chosen as one of
 
two generators of I.
 
Now we show that there is a connection between
 
the property of being strongly two-generated and the
 
invertibility of an ideal. :
 
30
 
  
 
 
 
 
(3.13) Proposition. Let R be a Noetherian
 
one-dimensional integral domain. Let I be a fractional
 
ideal of R. Then I is invertible if and only if I is
 
strongly two-generated.
 
Proof. Let I be a fractional ideal of R with quotient
 
field K. By Theorem 3.10, I is finitely generated as
 
an R-module. Let I be generated by c^,...,c^€ K
 
such that for each i, c^ = with 0 ^  s^, ^ i^
 
Let s = s, S-, ... s . Then I' = si is an ideal of R
 
1 2 n
 
and s~^I' = I.
 
_i
 
We will now show that I'(I') = R if and only
 
—1 if II = R. Suppose that I —1 '(I') = R. Then there 
exist a. 
1 
I• 
-1 
and b. €(I') 
1 
such that 1 = 
n 
^ a.b.  
Since I' = si, there exist d^€ I such that sd^ = a^^,
 
n n
 
for all i. So 1 = lE(sd.)b. = id.(sb.). Now b.I *
 j., 1 1 i«| 1 1 1
 
is a subset of R which implies that b^(sl) =
 
(sb.
1
)lSR, therefore sb.
1
<Sl~\ Thus II = R.
 
Suppose that II = R and let s be as above. Then
 
there exist a. €1, b. € I ^ such that 1 = ^ a.b. =
 
1 1 1 1 
n ■ • .
^sa^(b^/s). Since a^€ I we have that sa^^ I . Since
 
b^€l"\ (b^/s)l' = {h^/s)sl = b^I£R so b^/s6(l')~^.
 
_1
 
Thus I'(I') = R. Hence it is enough to prove the
 
statement of Proposition 3.13 for I an ideal of R.
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Assume that I is an invertible ideal of R and that
 
a is a nonzero element of I. By Proposition 3.11, for
 
I invertible, is a principal ideal for M a maximal
 
ideal of R, I is an ideal implies that I/(a) is an
 
ideal. Since (l/(a))j^^ I^/(a)j^r if Ij^ is principal
 
then (l/(a))j^ is principal [7]. So l/(a) = TT (l/(a))j^
 
by Theorem 2.37 and Theorem 2.42 and I/(a) is principal.
 
Therefore I is strongly two-generated.
 
To see the opposite implication assume that I is
 
a strongly two-generated ideal of R and that M is a
 
maximal ideal of R. If I^ M then 1^^ = Rj^.
 
(Note: There exists an element a in I-M and a/a is an
 
element of since a is an element of R-M).
 
Suppose that IS M. Let am CIM for some a € I and
 
m € M. Since I is strongly two-generated I = (am,b)
 
for some b € I. Since a €I, a = r^ma + f2b, for some
 
r^,r2 € R. This implies that a - r^ma = r2b. Thus
 
a(1 - r^m)6 bR. Since 1 - r^m6R-M, 1 - r^m is a unit
 
in Rj^i Thus a bR^^ and hence 1^^ - bRj^. By Proposition
 
3.11, since Ij^ is principal, I is invertible, Q.E.D.
 
(3.14) Definition. [K, p.67] A ring is local if it
 
is Noetherian and has exactly one maximal ideal.
 
Note: Since every proper ideal in a ring with identity
 
is contained in some maximal ideal, the unique maximal
 
32
 
ideal of a local ring must contain all proper ideals
 
;0.f ■ 
13.15) Definition. A principal ideal ring> PIR, is
 
a ring in which every ideal is principal. A FIR which
 
is an integral domain is a principal ideal domain^ PID.
 
(3.16) Example. x F2 such that F^ and are
 
fields, and any homomorphic image of a PIR are examples
 
of a PIR.
 
(3.17) Example. Z and K[x] such that K is a field,
 
are examples of a PID.
 
Next we state Theorem 4 of Kirsten Pettersson's
 
paper, "Strong n-Generators In Some One-Dimensional
 
Domains." We will not prove the theorem here but a
 
proof can be found in Pettersson's paper.
 
We have seen a connection between the property
 
of being strongly two-generated and invertibility of
 
an ideal (Proposition 3.13.) We would like to know
 
if there exists a connection between strong
 
two-generators and invertibility of ideals. Among other
 
results. Theorem 3.18 states that a nonzero element
 
in a two-generated domain D is a strong two-generator
 
if and only if it is not contained in the square of
 
any non-invertible maximal ideal M of D.
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(3.18) Theorem. -(cf. [Fettersson/ Theorem 4J| ,het V :
 
D be 4 two-generated domain and a be a nonzerd element
 
of D. Then the following are equivalent:
 
(1) a^M for each non-inyertible maximal ideal 
. ■■■of 
(2) D/(a) is a principal ideal ring (FIR) in all 
its localizations at maximal idealsi 
(3) D/(a) is a FIR. 
(4) a is a strong two-generator in D. 
(3.19) Definition. If R is a ring with identity and 
f(x) is an element of R[x] with leading coefficient 
1 then f(X) is said to be a monic polynomial. 
(3.20) Definition. Let S be a ring and R be a nonempty 
subset of S that is closed under the operations of 
addition and multiplication in R. If R is also a ring 
under those same operations then R is a subring of S. 
(3.21) Definition. Let S be a ring with identity 1 
and let R be a subring of S containing 1g. Then S is 
said to be an extension ring of R. 
(3.22) Definition. Let S be an extension ring of R 
and let s€s. If there exists a monic polynomial 
f(x)€ R[x] such that s is a root of f(x), i.e. f(s) 
= 0, then s is said to be integral over R. We say that 
R' is the integral closure of R in S wheneyer R' is 
34 
The set of all elements of S that are integral over
 
R, If S is not explicitly mentioned we wi11 assume
 
that S is the quotient field of R. If S = R' then S
 
is said to be an integral extension of R.
 
(3.23) Definition. Let R be a Noetherian integral
 
domain with integral closure S. The conductor C of
 
R in S is defined as C = [R : S] = R such
 
that ■ yS£ R^. 
(3.24) Proposition. Let R be a Noetherian integral
 
domain with integral closure S. Let C be the conductor
 
of R in S. Then C is an ideal of both R and S.
 
Proof. Since OS = 0 € R, 0 € C, and C is nonempty.
 
Let a € C and let s',s''€ S. Then (s'a)s" = a(s*s")6
 
aS£ R since a €C, so C is an ideal of S. Since C is
 
an ideal of S and RS S, C is an ideal of R, Q.E.D.
 
(3.25) Proposition. Let K be a field and let R =
 
■ 2 3 ' 
K[x ,x ] where X is an indeterminate. Let S be the 
integral closure of R. Then
 
(ii.) C = (x^,x^).
 
(iii.) C is a maximal ideal of R.
 
Proof. (i.) First, x € K[x] is integral over R since
 
X satisfies the polynomial X - x € R[2] = K[x ,x
 
where 2 is an indeterminate. Thus x 4iS. Since the
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 set;of integral elemerits over R forms a ring,
 
K[x]£ S CK(x) where K(x) = ^f(x)/g(x)(f,g€ Klx],
 
g ^ oj is the quotient field of R. To see that SSK[x]>
 
let f(x)/g(x)€ S. If g(x) = g^(x)g2(x) then
 
g^(x)€ K[x]SS. So g<|(x)(f(x)/(g^(x)g2(x))) =
 
f(x)/g2(x)<S S. If g2(x) is reducible then we can
 
continue the process in this same fashion until we have
 
f(x) over an irreducible poynomial. Thus, we can assume
 
that g(x) is irreducible in K[x]. Then there exist
 
a^€ R such that ^
 
(f(x)/g(x))'^ + a^(f(x)/g(x) + ... +
 
a^_^(f(x)/g(x)) + a^ = 0.
 
f^(x)/g'^{x) + a^f'^^(x)/g"^ ^(x) + ... +
 
aj^_^f(x)/g(x) + a^ = 0.
 
g'^(x) (f^(x)/g'^(x) + a^f'^ ^(x)/g'^ ^(x) + ... +
 
a^_^f(x)/g(x) + a^) = 0.
 
f'^(x) + a>jf"^^^(x)g(x) + ... + aj^__yf(x)g ^(x) +
 
_aj^g'^(x)^' = 0.
 
f^(x) = -(a^f"^"^(x)g(x) + ... + a^_ig'^ ^f(x) +
 
■ a^g^;(x.)'),,. 
f"(xy - -(a^f'^"^{x) + 
: a^gP~-Xx)^)-(.g{x))..r:'-' ■ 
Since g(x) is irreducible, g(x)jf(x) thus f(xj/g(x) 
is an element of K[x].
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■	 2 ' ■ 3' • • 
(ii.) To see that 	(3 = (x rX ) let
 
f(x) = a + a^x + ... + a x'^ 6 C. By'definition
 
f(x)SS R. So (a^ + a|X + ;.. + a^x'^)SyS R = K[x^,x^].
 
Since 1 € S, then ((a^ + a^x + ... + a^x'^)-1)€ R which
 
implies that a + a.x + ... + a^x"^ € R. Thus
 
.	 o ■ ;1 : ■■ ■ n ■ ; 
a^ = 0 since no element of R has an x_ term. Siniilarly,
 
- ',\y ' ■ ■ 2 ■ ■3:f(x)xe R implies that a^ = 0. So f(x) €(x ). 
2 3 ' ■ ' ■ ■ ^ "■ ■ ■ ' Therefore CS{x ,x ). 
For the other containment, let 
f(x) = a^ + a^x + ... + a^x^ be a polynomial in S. Then 
X f has no x term since 
X f(x) = x^(a + a.x + ... + a^x^) = 
■ ; . ,• o 1 	 n 
a x^ + a.x^ + ... + 	a x^"*"^. Further, x^f(x) has no 
o	 , 1 ■ ■ .n 
3 ■ ' ■ ' ' '3 nX term either since 	x f(x) = x (a^ + a^x + ... + a^x ) 
= a x^ + a.x^ + ... 	+ a x^^^. Thus we have that 
o. ;■ . . . . . I ; .n ■ ■
 
2 ' ■ '3 ' '
 C 2(x ,X ). So we have identified the integral closure 
2 .3' ■ ■ -'V'
and conductor of K[x ,x 1. 
.(iii. ) To see that C is n maximal ideal of R we 
'2 3 	 "n' 'define f: R—> K by f(a^ + a^x + a^x + ... + a^x ) 
= a^. Let X and y be elements of R such that 
X = a + a„x + a^x + ... + a^x and y = b + b_xO'".: ■ 2 3 	 n .-/O.-. 2 , 
+ b^x + ... + b X , for a. and b. elements of K. We 
verify that f is a ring homomorphism: 
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f(x + y) = f(a^ + + (a2 + b2)x^ + (a^ + b2)x^
 
+ ... + (a^ + b^)x'^
 
'a ' +■ b ' 
; o , • o, ■ ■ 
= f(x) + f(y). 
2 ' • 3 ■f(xy) = f(a b + a b^x + a b_x + ... + 
o o o 2 o 3 
2 . 4 ' 5 ■ ■ ■' 
+ a„b X + a_b~x + a^b^x + ... + 
2 o 2 2 2 3 
. n . n+2 , n+3 
+ a b X + a b„x + a b-x + ... + 
no n 2 n 3 
2n 
■ ■ • a , b X■ 
. ■■ ■ ; n n ,
 
= a b
 
■ o -Q 
=- 'f(x-)f|y)'. 
■ ■ ■ ■ ■ ■ ^ ■■ ■' 2' ' 3 ' ■
Next we show that ker f = C. Let t = a + a-x + a-,x 
o 2 3 ■, ■ 
+ ... + a x"€ R. Then t€ ker f if and only if a = 
, ; ■ ■ n . ■ ■ o; , . 
0 if and only if t e(x2,x 3 ). We have that f induces 
an isornorphism of rings r/C = K [8]. Since K is defined 
to be an arbitrary field we have that C is a maximal 
ideal [9], Q.E.D. 
(3.26) Definition. If S is an extension ring of R 
and I(f S) is an ideal of S, then the ideal J = iO R 
is called the contraction of I to R. 
(3.27) Definition. A discrete valuation ring^ DVR, 
is a principal ideal domain that has exactly one nonzero 
prime ideal. 
(3.28) Lemma. If R is a PID then Rj^ is a DVR whenever 
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 M is a maximal ideal of R.
 
Proof. Let J be a nonzero prime ideal of Rjyj. If R
 
is a RID then R^^ is a FID. Thus dim R^^ = 1 [10], So
 
J = where I is a nonzero prime ideal of R that is
 
contaihed in M and JOO is a chain of prime ideals of
 
maximum length. Therefore J is a maximal ideal. Since
 
MRj^ is the only maximal ideal of Rj^, J =
 
is the only prime ideal in R^^, Q.E.D.
 
-The next lemma corresponds to Pettersson's Lemma
 
5 [P], :The proof of the lemma utilizes the Lying-over
 
Theorem which states that if S is ah integral extension
 
ring of R and if P is a prime ideal of R, then there
 
exists a prime ideal Q in S Such that QAR = P, i.e.
 
Q lies oveir P. In particular, if M is a maximal ideal
 
of R then M is also a prime ideal of R. Thus there
 
exists a prime ideal N of S such that M = NOR.
 
We give the statement of the next lemma without
 
proof. We note that the proof can be found in [P].
 
(3.29) Lemma. Let R be a one-dimensional
 
Noetherian integral domain. Let S be the integral
 
closure of R. Let C be the conductor of R in S.
 
If M is a maximal ideal of R such that M 4 Cf M is the
 
contraction of the prime ideal N of S. Then N is a
 
maximal ideal of S, R is a DVR, and R,, = s .
 
in . . M N
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2 3
 (3,30) Theorem. Let R = K[x ,x ] where K is a field
 
and let C = (x^,x^) be the conductor of R. Let M be
 
a maximal ideal of R such that M fC. Then M is
 
invertible and strongly two-generated.
 
Proof. Let S = K[x] be the integral closure of R
 
(Proposition 3.25). Then M is the contraction of a
 
maximal ideal N of S [11]. By Proposition 3.11/ it
 
suffices to show that MRq is a principal ideal for all
 
maximal ideals Q of R. For Q ^ M then there exists
 
s6M-Q such that 1 = s/s6MSq. Thus MSq = Rjyj = and
 
MRq is principal in this case.
 
Suppose Q = M. Let N be a maximal ideal of S such
 
that; N R = M. S is a principal ideal domain so
 
is a principal ideal domain. By Lemma 3.29, Sj^ = Rjyj,
 
so MRq is a principal ideal for all maximal ideals Q
 
of R.: Thus M is invertible (Proposition 3.11) and M
 
is strongly two-generated (Proposition 3.13), Q.E.D.
 
Recall that the goal of this paper is to
 
characterize strong two-generators in certain commutative
 
2 3
 
domains. From this point on we will let R = K[x ,x ]
 
where K is an arbitrary field. Note that the quotient
 
field of K[x^,x^] is K(x) = ^f(x)/g(x) such that
 
f,g6KlX], g ^ 0^ by Proposition 3.25.
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(3.31) Lemma. Let R = [x2,x 3] for K an arbitrary field.
 
Then fhe fractional ideal (1,x) is invertible if and
 
2 3

only if the ordinary ideal (x ,x ) is invertible.
 
■■ ■■ ■ 2 3 
Proof. Assume that (X ,x ) is invertible. Then 
2 3 2 3 -1(x fX ))(x /X ) -R. We note that the elements of
 
■ 2 3-' -T'' (x ,x ) are fractions from the quotient field of R*
 
There exist elements (f^(x)/g^(x)), (f2(x)/g2(x)) in
 
(x^,x^)~^ such that 1 = x^(f^(x)/g^(x)) + x^(f2(x)/g2(x))
 
= 1(x%^{x)/g^(x)) + x(x^f2(x)/g2(x)). Both x^f^/g^ €
 
(1,x)"- since (x^f^{x)/g^(x))1 = (x^fv(x)/g^(x))(x^/x^)
 
= (f^(x)/g^(x))(x^)€ R and (x^f^{x)/g-(x))x =
 
(x^f^(x)/g.(x))(x^/x^) = (f.(x)/g^(x))x^€ R:. Thus 1€
 
(1,x)(1,x)"^ = R.
 
Next we show that if (1,x) is an invertible ideal
 
of R then (x2/X3) is too. Assume that (1/x) is an
 
_r
 
invertible ideal of R. Then (1^x)(1,x) = R. Thus
 
for i - 1,2, there exists f^(x)/g (^x)€.(1,x) such
 
that 1 = 1(f^(x)/g^(x)) + x(f2(x)/g2(x)). This implies
 
that 1 = (x^/x^)(f^(x)/g^(x)) + (x^/x^)(f^ix)/g^ix))
 
= x^f^(x)/(x^g^(x)) + x^f2(x)/(x^g2(x)). Both
 
2 ■ ■ 2 '■f^(x)/(x g^(x)) and f2(x)/(x g^ix)) are elements of 
(x^VX^)f^ since {fv(x)/x^g.(x))x^ = (f^(x)/g^(x))1€ 
R and (f^(x)/x^g^(x) )x^ = {f^(x)7g^(x) )xCR. So 
1 €(x^,x^){x^,x^) . Thus (1,x) is invertible if and 
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2 '3 ■ 
only if (x ,x ) is invertible, Q.E.D.
 
in Proposition 3•25 we showed that the integral
 
■ ' 2 ■ 3-'' 
closure of R = K[x ,x ] is S = K[x]. From the Lying-

over Theorem we have that if P is a prime ideal in R
 
then there exists a prime ideal Q in S such that
 
Q AR - P. Since K[x] is a one-dimensional Noetherian
 
■ 2 - 3' 
integral domain so is Ktx ,x ], [12]. 
(3.32) Theorem. Let R = K[x^,x^] and C = (x^>x^) be
 
the conductor of R in S. Then C is the only
 
non-invertible maximal ideal in R.
 
Proof. From Proposition 3.24 and Theorem 3.30 it
 
suffices to show that C is non-invertible. We do this
 
by showing that (1,x) is not invertible
 
(Proposition 3.31). Assume f(x)/g(x)€ (1,x) . Then
 
(f(x)/g(x))1 is an element of R. Thus g(x) divides
 
f(x), so (1,x) is a subset of K[x]. Let f(x)/g(x)
 
= h(x)6(1/x) K[x]. Then h(x) = a^ + a^x +...+ a^x^
 
such that a^'s <S K. Since 1(h(x))€ R then 1(a^ + a^x+...+
 
a^x"^)€ R. Also, x(h(x))€ R so x(a^ + a^x +...+ a^x'^)C
 
R. There can be no x term in R so both a^ and a^ equal
 
0. Thus h(x) = +...+ a^x^6(x^,x^).
 
So (1,x)(1,x)"^ S (1,x)C£C f R and (1,x) is not
 
■■ ■ 2 ■ ' 3 ■ ■ ■ ■ ' ■ ■ 
invertible nor is (x ,x ) by Lemma 3.31, Q.E.D.
 
Our final theorem characterizes strong
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■ 2 ■ ''3'­
two-generators in K[x ,x ] for K an arbitrary field. 
■ 2 3 
(3.33) 	Theorem. Let R=K[x >x ] for K an arbitrary
 
' ' '2 3 ' ' '' n''
 
field. 	Let f = a + a-,x + a,x + ... + a^x be a
 
o	 2 3 n 
2 3' ■ 2 3''' ■ 
nonzero polynomial in K[x ,x ] and let C = (x ,x ) be
 
the Gonductor of R in S. Then the following are
 
equivalent:
 
(1) 	f is a strong two-generator.
 
(3) 	a^^ 0 or if = 0 then x^jf but x^j'f.
 
Proof.- ■ . 
(1) if and only if (2).
 
From Theorem 3.32, C is the only noh-invertible ideal
 
in R. By Theorem 3.18, f is a strong two-generator
 
2 ■ ■ 
in R 	if and only if f is not an element of C .
 
(2) implies (3).
 
We first note that = (x^,x^,x^). Assume f and
 
a = 0. Then f = a-x^ + a,x^ + ..^ + a„x^, where a_
 
and a2 are not both equal to 0. Since one of a^ f 0
 
for i = 2,3, x^jf but x^j'f.
 
(3) implies (2)
 
^^ ^ 2 n^ _2 , 4 5 6v
 
If a = 0 then f - a + a~x + ... a x eC = (x ,x ,x )
 
2
 
X
If a^ 	= 0 and x^^f then a2 or a^ f 0^ Thus f = a2
 
+ ... + - (x^fX^fX^), Q.E,D.
 
We have completed the objective of this paper.
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 We conclude with an example of a polynomial which is
 
a strohg two-generator and another that is not.
 
2
 (3.34) Example. Choose f - 1 + x . Then f is a strong
 
two-geinerator since a^ = 1 (Theorem 3.33(3)).
 
g = X (1 + x). So a^ = 0 and X |g, so g is not a strong
 
■ . ■ ■■ 4 5 
(3.35) Example. Let g = x + x . Then 
A 41 
two-generator.
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APPENDIX
 
1. [A-M, Theorem 4.5, pg52] Let I be a decomposable
 
ideal and let I = O Q. be a minimal primary
 
■ ■f-r • ■■A-­
decomposition of I. Let P^ = rad for i = 1,...,n. 
Then the P^ are precisely the prime ideals which occur 
in the set of ideals rad(I:x), x€l, and hence are 
independent of the particular decomposition of I. 
2. [A-M, Theorem 8,5, pg90] A ring A is Artin if and 
only if A is Noetherian and dim A = 0. 
3. [A^M, Proposition 6.6, pg76] If R is Noetherian 
ring and (a) is an ideal of R then R/(a) is a Noetherian 
ring. . 
4. [H, Theorem 43, pg143] S, R, and S R are as defined 
in the paper. If R is a nonzero ring with no zero 
divisors and 0 ^ S, then S~^R is an integral domain. 
5. [H, Theorem 47, pg145] R and S are the same as 
in the paper. If Iis an ideal of R then S~^I is an 
ideal in S R. 
6. [A-M, Lemma 4.4, pg51] If is an associated prime 
ideal of the primary ideal and x € R, then (i) if 
X € then (Q^:x) = (1), (ii) if x ^ then rad (Q^:x) 
= , and (iii) if X ^ then (Q^^ix) = . 
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7. [A-M, Corollary 3.4iii, pg39] If (a) is a submodule
 
of an R-module then the S R modules S (1/(a)) and
 
—I ■ —1 ■ ' (S I)/(S (a:)) are isqriidrphic.
 
8. [Hr Corollary 2.10: First Isomorphism Theorem, pg126]
 
If f: R-»K is a homomorphism of rings then f induces
 
an isomorphism of rings R/ker f = K.
 
9; iA-M> pg3] C is an ideal of a ring A, C is a maximal
 
ideal if and only if A/C is a field.
 
10. [A-M, Dimension Theorem, pgl21] For any Noetherian
 
local ring R with M its maximal ideal, the following
 
integers are equivalent: (i) the maximum length of chains
 
of prime ideals in R, and (iii) the least number of
 
generators of an M-primary ideal of R. Note: If M
 
= rad Q then Q is said to be M-primary.
 
11. [A-M, Corollary 5.8, pg61] Let RSS be rings,
 
S integral over R; let N be a prime ideal of S and let
 
M = NAR. Then N is maximal if and only if M is maximal.
 
12. [K, Theorem 48, pg32] Let R = K[x^,x^] and
 
S = K[X]. Then RCS and S is integral over R. Thus
 
dimension of S equals the dimension of R.
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